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1. INTRODUCTION AND MAIN RESULTS
Let (M, ( } , } ) R) be a Riemannian manifold and V: M  R a C2 poten-
tial function. The research of periodic solutions of the system
Dt(x* (t))=&{RV(x(t)), (1.1)
where Dt(x* (t)) is the covariant derivative of x* along the direction of x*
and {R the Riemannian gradient, has been studied when M is a non-
contractible manifold (see [2, 8, 9, 14]), assuming, if M is non-compact,
the existence of a function on M convex at infinity .
When V is bounded the difficulties arise from the lack of compactness
of M; indeed, in this case the action functional does not satisfy the Palais
Smale compactness condition.
On the other side, if V is unbounded the action functional is unbounded
both from below and from above. Therefore neither minmax methods and
linking arguments can be used since the loop space is not linear nor the
LjusternikSchnirelmann category theory can be applied although M has
a non-trivial topology.
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The use of a penalization technique, in addition to a suitable assumption
on the sectional curvature of M and Morse index estimates, allows one to
overcome the above difficulties. Similar arguments have been used in [6]
to study the existence of closed geodesics on non-compact Riemannian
manifolds.
The paper is arranged in two parts.
The first part is devoted to the research of periodic solutions of the
autonomous system (1.1), with prescribed period.
In the second part of the paper we will study the non-autonomous
system
Dt(x* (t))=&{RV(x(t), t), (1.2)
where V: M_R  R is a C2 T0 -periodic function in the variable t, and we
will state the existence of infinitely many solutions of (1.2) each having a
period of kT0 , k # N.
We introduce now some notations and state the main theorems of the
paper.
If M is a Riemannian manifold, denote 4(M) the free loop space on M
and K(x) (x # M) the supremum of the sectional curvature, i.e.,
K(x)=sup [K? : ?/TxM],
where TxM is the tangent space of M at x and K? its sectional curvature
with respect to the plane ?/Tx M.
Moreover let d( } , } ) denote the distance induced by the Riemannian
structure of M and if f # C2(M, R) let Hf (x) denote the Hessian of the
function f at x (see [9]).
The main theorems we state are the following:
Theorem 1.1. Let (M, ( } , } ) R) be a C complete, connected, finite
dimensional Riemannian manifold, x0 a fixed point of M. Suppose that:
(V1) V is bounded ;
(V2) lim sup
d(x, x 0)  +
sup
v # T xM
v{0
HV (x)[v, v]
(v, v)
0;
(M1) lim sup
d(x, x 0)  +
K(x)0;
(M2) there exist infinitely many integers q # N such that
Hq(4(M), K){0, (1.3)
Hq( } , K) being the qth group of singular homology with coefficients in a
field K.
Then, for any prescribed T>0, there exists at least one T-periodic non-
constant solution of problem (1.1) in M.
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Theorem 1.2. Let (M, ( } , } ) R) be a C complete, connected, finite
dimensional Riemannian manifold, x0 a fixed point of M and T>0. Suppose
that (M1) and (M2) hold and moreover assume that
(V$1) V(x)0 for any x # M;
(V$2) lim
d(x, x 0)  +
V(x)=+;
(V$3) lim sup
d(x, x 0)  +
sup
v # T x M
v{0
HV(x)[v, v]
(v, v)
<&=min { 14T 2 ,
2
T= .
Then there exists at least one T-periodic non-constant solution of problem
(1.1) in M.
Remark 1.3. Hypothesis (V$3) implies that V is subquadratic at infinity;
indeed, it can be proved that, if (V$3) holds, then there exist two real con-
stants c1 and c2 such that, for any x # M:
V(x)
&
2
d 2(x, x0)+c1 d(x, x0)+c2 (1.4)
(the proof of (1.4) can be obtained arguing as in Lemma 2.2 of [5]).
The following two theorems are referred to the research of periodic solu-
tions of problem (1.2) when V is a T0 -periodic time depending potential.
The Hessian of V with respect to x at (x, t) will be briefly denoted
HV (x, t).
Theorem 1.4. Let (M, ( } , } ) R) be a C complete, connected, finite
dimensional Riemannian manifold, x0 a fixed point of M. Suppose that (V1),
(M1) and (M2) hold and moreover assume that:
(V"2) lim sup
d(x, x 0)  +
sup
v # T x M
v{0
HV (x, t)[v, v]
(v, v)
0 uniformly with respect to t.
Then, for any k # N and for any k integers p1, p2, ..., pk there exist k
distinct solutions of (1.2) in M each having a period of pi T0 , i=1, 2, ..., k.
Theorem 1.5. Let (M, ( } , } ) R) be a C complete, connected, finite
dimensional Riemannian manifold, x0 a fixed point of M. Suppose that (M1)
and (M2) hold and moreover assume that:
(V1$$$) V(x, t)0 for any x # M, t # R;
(V2$$$) lim
d(x, x 0)  +
V(x, t)=+ uniformly with respect to t;
(V3$$$) lim inf
d(x, x 0)  +
inf
v # T xM
v{0
HV(x, t)[v, v](v, v) 0 uniformly with
respect to t.
Then, for any k # N and for any k integers p1 , p2 , ..., pk , there exist k
distinct solutions of (1.2) in M each having a period of p iT0 , i=1, 2, ..., k.
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2. PRELIMINARIES AND FUNCTIONAL FRAMEWORK
Let us introduce now some preliminary notations which will be used in
the following sections.
Let | } | denote the Euclidean norm in RN and ( } , } ) its usual inner
product.
Moreover denote S 1T=RTZ and, if 1 p<,
Lp=Lp(S 1, RN )={x: [0, T]  RN | x(0)=x(T ), |
T
0
|x| p dt<+=
and L=L(S 1, RN ) the space of the essentially T-periodic RN-valued
functions.
Let H 1T=H
1
T (S
1
T , R
N) be the following Sobolev space
H 1T={x: [0, T]  RN | x absolutely continuous, x(0)=x(T ),
|
T
0
(x* , x* )R dt<+=
endowed with its usual norm.
Let (M, ( } , } ) R) be a finite dimensional Riemannian manifold; the Nash
embedding theorem (see [12]) assures that there exist N large enough such
that M can be isometrically embeddable in RN.
Thus, from now on we will identify M with a submanifold of the
Euclidean space RN.
Moreover, denote
41T=4
1
T (M)=[x # H
1
T | x(t) # M].
It is known that 41T is a Hilbert submanifold of H
1
T (see [9, 14, 16]) and
its tangent space at x # 41T
Tx41T=[! # H
1(S 1T , R
N) | !(t) # Tx(t) M for any t # [0, T]],
equipped with the Riemannian product
(!, ’) 1=|
T
0
(Dt!, Dt ’) dt+(!(0), ’(0)) x # 41T , !, ’ # Tx4
1
T ,
(2.1)
has a Riemannian structure (see [6]).
Moreover let us recall the PalaisSmale condition for a functional on a
manifold.
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Definition 2.1. Let N be a Riemannian manifold and f : N  R a C 1
functional and b # R; the functional f is said to satisfy the PalaisSmale
condition in f b=[x # N | f (x)b], briefly (P.S.), iff any sequence [xn] in
N such that
f (xn)b for any n # N
f $(xn)  0 as n  +,
admits a convergent subsequence in N.
Let N be a Riemannian manifold modelled on a Hilbert space of class
C2 and f # C2(N, R); the Hessian of f at x # N is well known to be a
bilinear form on TxN which will be denoted Hf (x).
Definition 2.2. Let x # N be a critical point of f. The strict Morse
index of x (possibly +) is the dimension of the maximal subspace of
TxN where Hf (x) is negative definite and will be denoted m(x).
The large Morse index of x (possibly +) is the dimension of the maxi-
mal subspace of TxN where Hf (x) is negative semidefinite and will be
denoted m*(x). If m*(x)=m(x), x is said to be a non-degenerate critical
point.
We recall now an abstract theorem on the Morse index that is a variant
of some known theorems (see [6, 18]) and will be used in the proofs of our
results.
Theorem 2.3. Let N be a complete Riemannian manifold of class C 2
and f # C2(N, R). Suppose that:
(i) for any critical point x of f, if 0 is an eigenvalue of Hf (x), both
it is isolated and it has finite multiplicity;
(ii) f satisfies the (P.S.) condition on f b, for any b # R;
(iii) infN f>&;
(iv) there exists an integer q0 such that
Hq(N, K){0.
Denote
1q=[AN | i*(Hq(A, K)){0];
where i: A  N is the inclusion map.
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Then there exists a critical point x* of f corresponding to the critical value
c= inf
A # 1 q
sup
x # A
f (x) (2.2)
and satisfying
m(x*)qm*(x*). (2.3)
It is well known that the search of periodic solutions of problem (1.1)
having prescribed period T can be reduced to the search of the critical
points of the action functional
fT (x)= 12 |
T
0
(x* , x* ) ds&|
T
0
V(x) ds (2.4)
defined in 41T .
Let x be a critical point of the functional fT ; then the Hessian of fT
at x is
HfT (x)[v, v]=|
T
0
(Dsv, Dsv) ds&|
T
0
(Rx* vx* , v) ds
&|
T
0
HV (x)[v, v] ds for any v # Tx41T ,
where Rx* v is the Riemannian curvature tensor of M at (x* , v). From here
on the subscript T will be omitted if no misunderstandings arise, while it
will be added if the dependence on T needs to be pointed out; for instance
we will write mT (x) or m*T (x) to emphasize that x # 41T .
In the non-autonomous case the same solution can be looked at as hav-
ing periods multiple of T, therefore we need to introduce also a number
depending only on the solution and not on the period (see [4]).
Definition 2.4. If x is a T-periodic solution of (1.2), the number
{(x)= lim
k  +
mkT (x)
kT
is well defined and is called the twisting number of x.
The following Lemma relates the twisting number of x to the Morse
index of x (see [4]).
Lemma 2.5. Let x be a degenerate, T-periodic solution of (1.1). Then,
m*T (x)&dim MT{(x)mT (x)+dim M.
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3. AUTONOMOUS CASE
(a) V bounded
Let us fix a period T>0 and suppose that the hypotheses of Theorem 1.1
hold. As V is bounded, the action functional f defined in (2.4) cannot
satisfy the (P.S.) condition, therefore let us consider the following penalized
functional.
For any _>0 let _ # C2(R+, R+) be such that
_(t)={
0
\t&1_+
4
if t
1
_
if t>
1
_
and let U # C2(M, R+) be such that
lim
d(x, x0)  +
U(x)=+ (3.1)
(a function like that can be defined using the partition of unity).
Denote, for any _>0
U_(x)=_(U(x)) for any x # M (3.2)
and consider the following penalized functional fT, _ : 41T  R defined:
fT, _(x)=fT (x)+U_(x(0)).
From now on we will briefly denote f=fT and f_=fT, _ .
Lemma 3.1. For any _>0, f_ satisfies condition (i) of Theorem 2.3.
Proof. Consider _>0 and let x_ be a critical point of f_ .
Let L_ : Tx _ 4
1  Tx _ 4
1 be the linear selfadjoint operator defined in the
following way:
(L_v, w)=Hf_ (x_)[v, w]
=|
T
0
(Dsv, Dsw) ds&|
T
0
(Rx* _ vx* _ , w)ds
&|
T
0
HV (x_)[v, w] ds+HU_ (x_(0))[v(0), w(0)] (3.3)
for any v, w # Tx _ 4
1, where
Rx* _ (s) v(s) x* _(s)=0
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if x* _(s) and v(s) are not linearly independent, otherwise
(Rx* _ vx* _ , v)=K?((x* _ , x* _)(v, v) &(x* _ , v)
2)
? being the plane generated by x* _ and v (see [12]).
It can be easily deduced that L_ is a compact perturbation of identity.
Indeed, by (3.3),
(L_ v, w)=(v, w) 1+(J_v, w) ,
where
(J_v, w)=&|
T
0
(Rx* _ v x* _ , w) ds+HU_(x_(0))[v(0), w(0)]
&|
T
0
HV (x_)[v, w] ds&(v(0), w(0))
and J_ is a compact operator because H 1T is compactly embedded in L
2
and in L.
That implies that f_ satisfies condition (i) of Theorem 2.3.
Lemma 3.2. For any b # R, _ # R+, f_ satisfies the (P.S.) condition in f b_ .
Proof. Let [xn]/41 be such that
f_(xn)b for any n # N (3.4)
df_(xn)  0 if n  . (3.5)
As U_(x)0 for any x # 41 and V is bounded, then there exists a con-
stant Cb such that
|
T
0
(x* n , x* n) dsC for any n # N. (3.6)
By (3.1), (3.4), (3.6) it follows that there exists M_>0 independent on
n such that
sup
s # [0, T]
d(xn(s), x0)M_ for any n # N.
That implies there exists x # 41 such that, up to a subsequence,
xn ( x weakly in H 1 and strongly in L. (3.7)
In order to reach the proof, it is sufficient to show that [xn] strongly
converges to x in H 1.
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To this aim, denote
vn(s)=P(xn(s))[xn(s)&x(s)], (3.8)
where P( y)[ } ] is the projection on TyM.
The sequence [vn] is bounded in H 1 thus by (3.5) it follows that
( f $_(xn), vn)=|
T
0
(x* n , v* n) ds&|
T
0
({V(xn), vn) ds
+dU_(xn(0))[vn(0)]  0 if n  . (3.9)
By (3.7) and (3.8) it follows that
vn  0 strongly in L
and thus
dU_(xn(0))[vn(0)]  0 as n  . (3.10)
Moreover the boundedness of [xn] implies that
|
T
0
({V(xn), vn) ds  0 as n  . (3.11)
By (3.9), (3.10) and (3.11) it follows that
|
T
0
(x* n , v* n) ds  0 as n  .
Arguing as in Lemma 4.5 of [6] it can be shown that xn  x strongly in
H1 thus the (P.S.) condition holds.
Theorem 3.3. Let q # N be such that (1.3) holds. Then, for any _>0, f_
has a critical point x_ in 41 corresponding to the critical value
c_= inf
A/1 q
sup
x # A
f_(x) (3.12)
and such that
m(x_)qm*(x_). (3.13)
Proof. By Lemmas 3.1 and 3.2, it follows that hypotheses (i) and (ii) of
Theorem 2.3 are satisfied. Furthmore the boundedness of V implies (iii) and
as the inclusion of 41 in 4(M) is a homotopy equivalence, the nontrivial
homology groups of 41 and 4(M) with respect to a field are the same (see
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[13, 14]). Thus also (iv) holds. All the hypotheses of Theorem 2.3 are
satisfied, thus (3.12) and (3.13) follow.
Proof of Theorem 1.1. Let q>2 dim M be such that (1.3) holds and
denote x_ be a critical point of f_ satisfying (3.12) and (3.13) (cfr.
Theorem 3.3).
Let us show that, for any _>0,
x_ is non-constant.
Argue by contradiction and suppose there exists _>0 such that x_ is a
constant curve.
Then, the tangent space Tx _ 4
1 is given by
Tx_ 4
1={! # H1(S 1T , RN) | _v=(v1 , v2 , ..., vn) # H1(S1T , RN) s.t. != :
n
i=1
viei=
[e1 , e2 , ..., en] being an orthonormal basis of Tx _ M and n=dim M.
By the definition of covariant derivative along a curve, it follows that, for
any ! # Tx _ 4
1
Ds!(s)= :
n
1=i
v* i (s) ei .
It means that
Tx _ 4
1#H1(S 1, Tx _ M)
that is, the covariant derivative is equal to the usual derivative and Tx _ 4
1
is isometric to H1(S 1, Rn).
Then, the Hessian of f_ at x_ reduces to
Hf _ (x_)[v, v]=|
T
0
(v* , v* ) ds&|
T
0
HV (x_)[v, v] ds
+HU _(x_(0))[v(0), v(0)] for any v # Tx _ 4
1. (3.14)
Let us consider now the following decomposition of H1(S 1, Rn) with
respect to the metric (2.1)
H1(S 1, Rn)=Rn H 10(S
1, Rn)
where Rn is identified with the constant loop space and
H 10(S
1, Rn)=[v # H 1(S 1, Rn) | v(0)=v(T )=0].
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It is well known that the self-adjoint realization in L2([0, T], Rn)
v  &v
with T-periodic boundary conditions has a sequence (*k)k # N of eigen-
values, each one to be counted with its multiplicity.
Denote =k the eigenvector relative to *k and let Hr be the space spanned
by [=1 , ..., =r] then
H 10(S
1, Rn)=HrH =r .
Denote
*= sup
x # M, v{0
HV (x)[v, v]
(v, v)
(3.15)
and let r # N be such that *r>*, then
Hf _(x_)[v, v]|
T
0
(v* , v* ) ds&* |
T
0
(v, v) ds
(*r&*) |
T
0
(v, v) ds>0 for any v # H =r .
Then it follows that
qm*(x_)dim Hr+dim M. (3.16)
If q is chosen large enough, (3.16) fails and thus the solutions x_ are non-
constant.
In order to reach the proof of the theorem, we show that there exists M
independent on _ such that:
sup
s # [0, T]
d(x_(s), x0)M for any _ # ]0, 1] (3.17)
Indeed, if (3.17) holds, it can be chosen _0>0 small enough such that
U(x_ 0(0))<
1
_0
(3.18)
and then
dU_ 0(x_ 0(0))[v(0)]=0 for any v # Tx _ 4
1
which implies that x_ 0 is a critical point of f.
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In order to prove (3.17), consider
W_=[w # Tx _ 4
1 | w(0)=0] (3.19)
and remark that
(W_)==[v # Tx _ 4
1 | DsDsv(s)=0, for any s # [0, T], v(0)=v(T )]
and
dim (W_)=2 dim Tx_(0)M=2 dim M.
In order to prove (3.17) we argue by contradiction and suppose there
exist a sequence [_n] converging to zero and, for any n # N, a critical point
xn of fn=f_n , satisfying (3.12) and (3.13) such that
sup
s # [0, T]
d(xn(s), x0)  + as n  . (3.20)
As the singular homology has compact support, by (3.12), it follows that
there exists ; # R independent on n such that
fn(xn);
and, by the boundedness of V, such a constant ; can be chosen in order
to satisfy
|
T
0
(x* n , x* n) ds; for any n # N. (3.21)
By (3.20) and (3.21), it follows that
inf
s # [0, T]
d(xn(s), x0)  + as n  .
By hypothesis (M1), it follows that there exists a sequence $n  0+ such
that
(Rvwv, w)
(v, v)(w, w)&(v, w) 2
<$n for any [v, w] basis of ?/Tx n M
(3.22)
and, by (V2), there exists a sequence +n  0+, such that
HV (xn)[v, v]<+n(v, v) for any n # N and for any v # Tx n 4
1.
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Then, for any v # Wn
Hf n(xn)[v, v]|
T
0
(Dsv, Dsv) ds&$n {|
T
0
(x* n , x* n)(v, v) ds
&|
T
0
(x* n , v) 2 ds=&|
T
0
HV (xn)[v, v] ds
+HUn (xn(0))[v(0), v(0)]
|
T
0
(Ds v, Dsv) ds&$n |
T
0
(x* n , x* n)(v, v) ds
&+n |
T
0
(v, v) ds. (3.23)
By Ho lder’s inequality and by (3.21), it follows that
|
T
0
(x* n , x* n)(v, v) ds sup
s # [0, T]
((v(s), v(s)) ) |
T
0
(x* n , x* n) ds
; sup
s # [0, T]
(v(s), v(s)). (3.24)
Remark that for any s # [0, T]
(v(s), v(s))=2 |
s
0
(D{v, v) d{(Schwartz’s inequality)
2 \|
T
0
(D{v, D{v) d{+
12
\|
T
0
(v, v) d{+
12
,
thus
|
T
0
(v, v) d{2T \|
T
0
(D{v, D{v) d{+
12
\|
T
0
(v, v) d{+
12
.
That implies that
\|
T
0
(v, v) ds+
12
2T \|
T
0
(D{v, D{v) d{+
12
(3.25)
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and thus, if n is large enough, by (3.23), (3.24), (3.25), for any v # Wn
Hfn (xn)[v, v]|
T
0
(Dsv, Dsv) ds&4T$n ; |
T
0
(Ds v, Ds v) ds
&4T 2+n |
T
0
(Ds v, Dsv) ds
=(1&4T$n;&4T 2+n) |
T
0
(Dsv, Dsv) ds

1
4T 2
(1&4T$n;&4T 2+n) |
T
0
(v, v) ds.
Then, for any v # Wn&[0]
Hf n(xn)[v, v]>0
and then
m*(xn)dim(W n)=2 dim M
which contradicts q>2 dim M.
Thus (3.17) holds.
Remark 3.4. If T>0 is fixed, the existence of a T-periodic solution of
problem (1.1) can be obtained also if (M2) is replaced by the following
weaker hypothesis:
(M$2) there exists q>max[2 dim M, r+dim M] such that
Hq(4(M), K){0,
r=r(*, T ) being an integer depending on the number * defined in (3.15) and
such that *r>*.
(b) V Unbounded
Let us fix an arbitrary period T>0 and suppose that the hypotheses of
Theorem 1.2 hold. Then let us consider a penalized functional of (2.4).
For any _>0 let _ # C2(R+, R+) be such that
_(t)={
0 if t
1
_
(3.26)
:

n=3
\t&1_+
n
n!
if t>
1
_
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and define
U_(x)=_(V(x)) for any x # M.
Consider the following penalized functional:
fT, _(x)= 12 |
T
0
(x* , x* ) ds&|
T
0
V(x) ds+|
T
0
U_(x) ds for any x # 41.
(3.27)
Let us briefly denote f_=fT, _ .
As in the autonomous case the following lemmas hold:
Lemma 3.5. For any _>0, f_ satisfies condition (i) of Theorem 2.3.
Lemma 3.6. For any _>0, f_ satisfies condition (iii) of Theorem 2.3.
Proof. It is enough to show that, if _>0
&|
T
0
V(x) ds+|
T
0
U_(x) ds is bounded from below in 41. (3.28)
Let #* # R+ be such that _(#)# if #>#*; denote
B=[ y # M | V( y)#*].
As V is bounded from below and is continuous, then B is bounded and
then there exists M_>0 such that
|_(V( y))&V( y )|M_ for any y # B.
If x # 41, denote
I=[t # [0, T] | x(t) # B]
then
|
T
0
[_(V(x))&V(x)] dt=|
I
[_(V(x))&V(x)] dt
+|
[0, T]&I
[_(V(x))&V(x)] dt
&M_ meas I&M_T.
Thus (3.28) holds and then (iii) of Theorem 2.3.
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Lemma 3.7. For any b # R and for any _ # R+, f_ satisfies the (P.S.)
condition in f b_ .
Proof. Let [xn]/41 be such that
f_(xn)b for any n # N (3.29)
df_(xn)  0 if n  . (3.30)
By (3.28) and (3.29), it follows that
{|
T
0
(x* , x* ) ds= is bounded.
Then there exists x # 41 such that, up to a subsequence
xn ( x weakly in H1 and strongly in L.
Arguing as in Lemma 3.2, it can be proved that xn  x strongly in H 1.
Proof of Theorem 1.2. Let q>2 dim M be such that (1.3) holds. The
functional f_ defined in (3.27) satisfies all the hypotheses of Theorem 2.3 by
virtue of the previous lemmas; then Theorem 3.3 can be applied.
Let x_ be a critical point of f_ satisfying (3.12) and (3.13), and let W_
be as in (3.19).
Arguing as in the proof of Theorem 1.1 it can be proved that x_ is a non-
constant curve and thus to reach the claim it is enough to show that there
exists M independent on _ such that:
sup
s # [0, T]
d(x_(s), x0)M for any _ # ]0, 1]. (3.31)
Indeed, if (3.31) holds, it can be chosen _0>0 small enough such that
V(x_0(t))<
1
_0
for any t # [0, T]
and thus x_0 is a critical point of f.
Arguing by contradiction, let us suppose there exist _n  0+ and a
sequence [xn] of critical points of fn=f_n such that (3.12) and (3.13) hold
and moreover
sup
s # [0, T]
d(xn(s), x0)  + as n  . (3.32)
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As the singular homology has compact support, there exists ;>0
independent on n such that, if n is large enough,
fn(xn); (3.33)
and then, if n is large enough
f (xn);. (3.34)
Using Remark 1.4 and (3.32) it is possible to prove that
inf
s # [0, T]
d(xn(s), x0)  + as n   for any s # [0, T]. (3.35)
As xn is a critical point of fn , for any n # N there exists En>0 such that
1
2 (x* n(s), x* n(s)) +V(xn(s))=En .
Arguing as in the Proof of Theorem 1.1, it can be chosen a sequence
$n  0+ such that $nEn  0+ and (3.22) holds.
Then, for any v # Wn,
Hf n(xn)[v, v]=|
T
0
(Dsv, Dsv) ds&|
T
0
(Rx* nvx* n , v) ds
&|
T
0
HV (xn)[v, v] ds+|
T
0
HUn(xn)[v, v] ds
|
T
0
(Ds v, Dsv) ds&$n {|
T
0
(x* n , x* n)(v, v) ds
&|
T
0
(x* n , v) 2 ds=&|
T
0
HV (xn)[v, v] ds
+|
T
0
HU n(xn)[v, v] ds
|
T
0
(Ds v, Dsv) ds&$n |
T
0
(x* n , x* n)(v, v) ds
&|
T
0
HV (xn)[v, v] ds.
Denote, for any n # N,
M(xn)= sup
v # Tx M
v{0
HV (x)[v, v]
(v, v)
,
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then, by (V$3) and (3.25) it follows that, if n is large enough
Hf n (xn)[v, v]|
T
0
(Dsv, Dsv) ds&$n |
T
0
[2En&2V(xn)](v, v) ds
&|
T
0
M(xn)(v, v) ds
|
T
0 _
1
4T 2
&2$nEn&M(xn)& (v, v) ds0.
Arguing as in the proof of Theorem 1.1, the thesis follows.
Remark 3.8. As in Remark 3.4, a T-periodic solution of problem (1.1)
can be obtained replacing (M2) with (M$2).
4. SUBHARMONICS
Proof of Theorem 1.4. Let us fix k # N and k integers p1<p2< } } } <pk .
Moreover, let us consider an integer q>2 dim M such that
q>dim M \ pj+1+pjpj+1&pj+ for any j # [1, ..., k&1]. (4.1)
For any j=1, 2, ..., k denote Tj=pjT0 and for any _>0 consider the
following penalized functional
fT j , _(x)=
1
2 |
Tj
0
(x* , x* ) ds&|
Tj
0
V(x, s) ds+U_(x(0)) for any x # 41.
Arguing as in the proof of Theorem 1.1, it can be proved that for any
fixed j # [1, 2, ..., k] there exists a (possibly constant) critical point xj, _ of
the penalized functional fT j , _ , satisfying (3.12) and (3.13).
Then, _0 can be choosen small enough such that for any j=1, 2, ..., k,
(3.18) holds and xj, _ 0 is critical point of fT j .
Moreover by (3.13) and by Lemma 2.5 it follows that
q&dim M
Tj
{(xj, _ 0)
q+dim M
Tj
for any j=1, 2, ..., k (4.2)
and, as (4.1) holds, for any j=1, 2, ..., k&1
_q&dim MTj ,
q+dim M
Tj & and _
q&dim M
Tj+1
,
q+dim M
Tj+1 & (4.3)
are disjont.
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By (4.2) and (4.3), it follows that the twisting numbers {(xj, _ 0) are
pairwise distinct and thus the critical points xj, _ 0 , j=1, 2, ..., k are distinct
solutions of (1.2) each having a period of pj T0 , j=1, 2, ..., k.
Proof of Theorem 1.5. Let us fix k # N and k integers p1<p2< } } } <pk .
Moreover let us consider an integer q>2 dim M such that (4.1) holds.
For any j=1, 2, ..., k, denote Tj=pjT0 ; moreover for any _>0 define
_ # C2(R+, R+) as in (3.26) and set
U_(x, t)=_(V(x, t)) for any x # M, for any t # [0, Tj].
Then, let us consider the following penalized functional
fT j , _(x)=
1
2 |
Tj
0
(x* , x* ) ds&|
T j
0
V(x, s) ds+|
Tj
0
U_(x, s) ds
for any x # 41.
Moreover the arguments of Lemma 3.6 can be used to show that
&|
T j
0
V(x, s) ds+|
Tj
0
U_(x, s) ds
is bounded from below in 41.
Remark that hypothesis (V3$$$) implies that (V$3) holds and that it is still
possible to consider En>0 such that
sup
s # [0, T]
1
2 (x* n(s), x* n(s))+V(xn(s))=En .
Thus, arguing as in the proof of Theorem 1.1 and 1.2, it can be proved
that (i) (ii), (iii) of Theorem 2.3 hold and then for any j=1, 2, ..., k, for any
_>0 there exists a (possibly constant) critical point xj, _ of fT j , _ , satisfying
(3.12) and (3.13).
Then, _0 can be choosen small enough such that for any j=1, 2, ..., k
V(xj, _ 0(t), t)<
1
_0
for any t # [0, Tj ],
thus xj, _ 0 is a critical point of fTj .
As (4.2) and (4.3) still hold, there exist k distinct solutions of (1.2), xj, _ 0 ,
j=1, 2, ..., k, each having a period of pj T0 , j=1, 2, ..., k.
Remark 4.1. If, in Theorems 1.3 and 1.4, the integers pj are prime num-
bers, then either all the solutions xj have a minimal period of T0 , or there
exists at least a subharmonic (i.e., a kT0 -periodic solution with k{1.) of
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(1.2). When M is compact and V is bounded, existence results of subhar-
monics have been obtained in [1].
REFERENCES
1. A. Abbondandolo, ‘‘Teoria di Morse per sistemi hamiltoniani del secondo ordine su
varieta compatte,’’ Tesi di laurea, Pisa, 1993.
2. V. Benci, Periodic solutions of Lagrangian systems on a compact manifold, J. Differential
Equations 63 (1986), 135161.
3. V. Benci, A new approach to the Morse-Conley theory in ‘‘Proceedings, International
Conference, Recent Advances in Hamiltonian Systems, 1986, L’Aquila’’ (Dell’Antonio and
B. D’Onofrio, Eds.), pp. 152, Word Scientific, Singapore, 1987.
4. V. Benci, A new approach to the MorseConley Theory and some applications, Ann.
Math. Pure Appl. (IV) 158 (1991), 231305.
5. V. Benci, D. Fortunato, and F. Giannoni, On the existence of trajectories in static Lorentz
manifolds with singular boundary, in ‘‘Nonlinear Analysis, Quaderni della Scuola Nor-
male Superiore di Pisa, a tribute in honour of G. Prodi,’’ pp. 109133, 1991.
6. V. Benci and F. Giannoni, On the existence of closed geodesics on non-compact
Riemannian manifolds, Duke Math. J. 68, No. 2 (1992), 195215.
7. W. Klingerberg, ‘‘Lectures on Closed Geodesics,’’ Springer-Verlag, New YorkBerlin,
1978.
8. E. Mirenghi and M. Tucci, Periodic solutions on non-compact Riemannian manifolds,
Ann. Univ. Ferrara, Sez. VII, Sci. Mat. S XXXVIII (1992), 6575.
9. E. Mirenghi and M. Tucci, Periodic solutions with prescribed energy on non-complete
Riemannian manifolds, J. Math. Anal. Appl. 199 (1996), 334348.
10. J. Milnor, Morse theory, Ann. of Math. Stud. 51 (1963).
11. J. Nash, The imbedding problem for Riemannian manifolds, Ann. Math. 63 (1956), 2063.
12. B. O’Neil, Semi-Riemannian geometry with applications to relativity, Pure Appl. Math.
103 (1983).
13. R. S. Palais, Homotopy theory of infinite dimensional manifolds, Topology 5 (1966), 116.
14. R. S. Palais, Morse theory on Hilbert manifolds, Topology 2 (1963), 299340.
15. A. Salvatore, On the existence of infinitely many periodic solutions on non-complete
Riemannian manifolds, J. Differential Equations 120 (1995), 198214.
16. J. T. Schwartz, ‘‘Nonlinear Functional Analysis,’’ Gordon and Breach, New York, 1969.
17. E. H. Spanier, ‘‘Algebric Topology,’’ McGrawHill, New York, 1990.
18. C. Viterbo, Indice de Morse des points critiques obtenus par minimax, Ann. Inst.
H. Poincare Anal. Non Line aire 5 (1988), 221225.
161PERIODIC ORBITS ON RIEMANNIAN MANIFOLDS
